ON A NECESSARY AND SUFFICIENT
CONDITION THAT AN INFINITELY
DIVISIBLE DISTRIBUTION BE ABSOLUTELY
CONTINUOUS()

BY
HOWARD G. TUCKER

1. Introduction and summary. An infinitely divisible probability distribution
function F is a distribution function satisfying the property that for every positive
integer n there exists a distribution function F, such that the n-fold convolution,
F}" of F, withitself is F, i.e., F = F, % --- + F, (n times). Its characteristic function f
has a unique representation of the form

. © (i iux \1+x?
(1.1 f(u)—exp{tyu + j_w (e _l_m)x—z dG(x)},
called the Lévy-Khinchin representation, where 7 is a real constant, and G is a
bounded, nondecreasing function. If one defines the function M over (— ©0,0)
U (0, o0) by

fx (1 + t»)/7?)dG(7) if x <0,
M) =43°"""

|~ [ ((1 +t»)/t»)dG(r) if x>0,
then another unique representation of f is

(1.2)  f(u) =exp ‘ iyu — o2u?2+ f: i ( 1 — —l—l_l:_—x;)dM(x): ,

where % = G( + 0) — G(1— 0) = 0. Comprehensive developments of the theory
of infinitely divisible distributions are contained in books by Gnedenko and
Kolmogorov [4], Loéve [7], and Lukacs [8].

It is easy to see that M is absolutely continuous over (— 00,0) U (0, o) if and
only if Gis, and the same statement can be made for the properties: continuous
singular and discrete. A problem that has been considered for some time in con-
nection with infinitely divisible distributions is that of their Lebesgue properties
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in terms of the M-functions (or in terms of their G-functions), i.e., properties of
absolute continuity, continuous singularity and discreteness. The earliest such invest-
igation is perhaps that of P. Hartman and A. Wintner [5]. In this paper they proved
that a necessary and sufficient condition that F be continuous is that f 2, dM(x) = co
or 62>0. They also gave a necessary condition that F be absolutely continuous and a
sufficient condition that F be absolutely continuous. They could not find a condition

that is both necessary and sufficient, and they remarked: ‘“The difficulties of the
gap between these two conditions appear to be of diophantine irregularity and are
rather obscure”’ (p. 287 in [5]). The approach taken by them was through the use
of the Riemann-Lebesgue lemma and other methods of Fourier analysis which, it
now appears, are too crude for such a problem. The above investigation by
Hartman and Wintner was not too generally known. In 1959, J. Blum and M.
Rosenblatt [1] obtained the same necessary and sufficient condition that F be
continuous but with an entirely different proof. In a special invited paper [2]
entitled Infinitely divisible distributions: recent results and applications, pre-
sented in 1961 to the Annual Meeting of the Institute of Mathematical Statistics,
M. Fisz remarked (on p. 72): ““As of now, no conditions are known for F(x) to be
absolutely continuous.’” Another sufficient condition soon appeared for absolute
continuity of F, namely, that if M, denotes the absolutely continuous component
of M in (1.2), and if f®,dM,(x) = co, then F is absolutely continuous. This
result is contained in two almost simultaneously appearing papers, one by
by M. Fisz and V. S. Varadarajan [3] and one by the author [10], the two proofs
being somewhat different. Other Lebesgue properties of F have received some
attention. One of the interesting results in the paper by Hartman and Wintner
referred to above is that if the M-function is discrete (i.e., generates a purely
atomic Lebesgue-Stieltjes measure over ( — 0,0) U (0, ©)), then the distribution
of F is pure, and each of the three types is possible. (This result is used in the proof
of Theorems 1 and 3 in this paper.) Sufficient conditions for a discrete M to
produce a continuous singular F are given in [11]; these conditions are far
from necessary and do not even contain the example given in [5] of a discrete
M-function which produces a continuous singular F.

The purpose of this paper is to present a theorem which in an unsatisfactory,
but perhaps best, way gives a condition on M which is necessary and sufficient
for F to be absolutely continuous. In the remainder of this section we state this
result, discuss its meaning and summarize the contents of this paper.

Let M,,, M., M, denote the absolutely continuous, the continuous singular
and the discrete components, respectively, of M in (1.2). Let F® denote the
infinitely divisible distribution function produced by the M-function, M;, where
i =ac, cs, d. (Let y =0 since it has nothing to do with the question being dis-
cussed.) The following theorem is proved in this paper.

THEOREM 1. Let F be an infinitely divisible distribution function with charac-
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teristic function (1.2) (or (1.1)). A necessary and sufficient condition that F
be absolutely continuous is that at least one of the following five conditions hold:

() fIodM,(x)= oo,

(i) o2 > 0 (or G is not continuous at 0),

iii) F@ is absolutely continuous,

y

(iv) F“9 is absolutely continuous, or

(v) F9 is continuous singular, F® is continuous but not absolutely con-
tinuous, and F'Y x F® (convolution) is absolutely continuous.

N.B. The above theorem does not state that each of conditions (i)-(v) is neces-
sary, but it does state that at least one of them is necessary.

Each of conditions (ii)-(v) is obviously sufficient for absolute continuity of F.
The sufficiency of (i) was proved in [3] and [10]. It is doubtful that any substan-
tially better necessary and sufficient condition can be obtained, and for the follo-
wing reason. In view of the theorem by Blum and Rosenblatt and by Hartman and
Wintner given above for continuity of F, the best one could hope for is that F is
absolutely continuous if and only if ¢(¢) = [Z} + [,'dM(x) tends to infinity at a
certain rate as ¢ — 0 (¢ > 0). However, such a condition could not be necessary
since F could be absolutely continuous and this growth condition can be violated
by simply having fZ., dM,(x) = oo, where M, violates this growth condition,
and M, and M are missing.

In §2 some lemmas and their proofs (or references to their proofs) are given.
Also, the proof of Theorem 1 is given, and the possibility of occurrence of each of
conditions (i), (ii), and (iii) is demonstrated. Actually, Theorem 1 does not say very
much and is not of great interest. What appears to be of some interest is the pos-
sibility of fulfillment of conditions (iv) and (v) of Theorem 1; this requires the
greatest effort, and it is accomplished in §§3 and 4. In §3 a very ingenious model
of an infinitely divisible distribution F;, due to Herman Rubin [9], is constructed
which has the property that its M-function is discrete, F, is continuous singular
and F, *F, is absolutely continuous. In §4, Rubin’s model is altered, enabling
us to construct an infinitely divisible distribution function F, whose M-function
is continuous singular, such that F, is continuous but not absolutely continuous,
and such that F, xF, and F, « F, are both absolutely continuous, thus demon-
strating the nonvacuousness of conditions (iv) and (v).

2. Some lemmas and the proof of Theorem 1. Gathered together in this section
are the lemmas which will be used in the proofs of the theorems. This section is
concluded with a proof of Theorem 1.

The following notation will be used. If Q is any bounded, nondecreasing
function over (— oo, + ), then Q,., Q,, Q. denote, respectively, the ab-
solutely continuous, the discrete and the continuous singular components of Q.
The bounded, nondecreasing functions Q,., Q,, Q.. are uniquely determined if we



1965] ON INFINITELY DIVISIBLE DISTRIBUTIONS 319

set Q(— ) =Q(— ©0)=0, i=ac,d,cs. If Q is a bounded, nondecreasing
function, we shall let Var Q denote the total variation of Q. If Q and R are two
bounded, nondecreasing functions, then Var Q « R = (Var Q)(Var R). We further

denOte QC = Qac + QCS’
In Lemma 1 we prove a somewhat stronger result than what we actually use.

LeMMA 1. If X and Y are (not necessarily independent) random variables,
if X is discrete, and if G and H denote the distributions of X +Y and Y re-
spectively, then Var G, = Var H,;, where i = ac,cs,d.

Proof. Let {x,} denote the values that X takes with positive probabilities. Then
P[X+Y<z]=XP(Y<Sz-x]|[X =x]P[X =x,].

As a function of z, the total variation of each component of P((Y<z—x,]| [X =x,]),

is the same as the total variation of the corresponding component of

P([Y £ z]|[X =x,]). If we let Var; denote the total variation of the ith com-
ponent, i = ac,cs,d, then we may write

Var,P[X + Y<z] = E Var, P([Y £ z — x,]|[X =x,]) P[X =x,]

}; Var, P([Y < z]|[X =x,])P[X =x,]

= Var;P[Y =z},
which proves the assertion.

LemMa 2. If F and G are distribution functions, if VarF,> 0, if H = F %G,
and if Var G; > 0, then Var H; > 0, i = ac, cs, d.
Proof. We may write
H=F,;*G;+F;*G+ F;%G, .+ F.*G.
If Var G; > 0, then Var(F; * G;) =(Var F;)(Var G;) > 0. By Lemma 1, F, * G; has
property i, and thus Var H; = Var(F,; * G;) > 0, which proves the lemma.
NortaTioN. If E is a Lebesgue-measurable set of real numbers, we denote by | E |
the Lebesgue measure of E. Also, if E,, -+, E, are n sets of real numbers, we denote
E,® - ®E,= {x;+ - +x,,|xieEi, 1i=n},
@'E, = {x;+ - +x,|x€E,1Zi<n}.
LeEMMA 3. There exists a perfect set E < [0,1] such that l@"EI =0 for

every n.

A proof of this lemma is found in [6, p. 103]. A construction of such
a set, E, is as follows. Let {£,} < (0,1/2) be such that &, > &,,,, and
&, >0as n—oo. Let E, =[0,&]U[1 —¢&,1],
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Ez = [0’ 6162] U[fl - 5152’61] U[l - 51’1 - 61 + 5162] U[l - 5152, 1],

and, in general, E, oE,,, E, is the disjoint union of 2" closed intervals, each
interval of length []7-, ¢. Then one denotes E = (-, E,.

LEMMA 4. In the construction of E given after Lemma 3,
(i) ifo<p;<l,15isn,andif

Sn =(E n[o’pl]) (CRE @(En[O,p,,]),

then IS,,I =0,

(i) there exists a continuous distribution function H such that [pdH(x) =1,
and

(iii) for any pe(0,1] there is a continuous singular distribution function
H( - |p) such that [gngo , dH(x| p) = 1.

Proof. (i) Since S, =@'E, then |S,| =0.

(ii) H is constructed in exactly the same way as the continuous singular dis-

tribution, whose support is the Cantor ternary set, is obtained.
(iii) Take H as in (ii) and define

{ H(x)/H(p) ifx<p,

H(x|p) = )
if x> p.

This concludes the proof of the lemma.

LemMMmA 5. Let {Z,} and {Z}} be two sequences of random variables such that
X.P[Z,# Z¥] < 1. If X2-1Z} converges a.s. (and therefore L.°-,Z, converges
a.s.), and if the distribution function of X2 ,Z¥ is singular (i.e., it has no
absolutely continuous component), then the distribution function of X2_,Z, is
not absolutely continuous.

Proof. Let A,=[Z,#Z}], and let B=(\14,=[Z,=Z} for all n].
By hypothesis, P(B) =1 — P(U;,‘°=1A,,) > 0. Since the distribution function
of X2, Z} is singular there exists a set of real numbers, L, such that | L| =0 and
P[X2.,Z}eL] =1. Hence

P[ §z,,eL] gP(Bn[fz,,eL]) =P(Bn[ ';i;lZ,’,"eL] ) = P(B)> 0,

n=1 n=1

which implies that the distribution function of X%°_,Z, is not absolutely con-
tinuous.

LEMMA 6. Let E be a closed, bounded set of Lebesgue measure zero. Let
E,={x:|x—y|<r for some ycE},

where r > 0. Then | E,| >0 asr—0.
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Proof. Let a < b and E < [a,b]. Then we may write [a,b]\E = | J 2=, (a,,b,),
where the intervals {(a,,b,)} are disjoint, and the sequence {b, —a,} is non-
increasing. Let & > 0. There exists an integer N such that

b—a- E (b, —a,) = }: (b, —a,) <¢f2
n=N+1
(since |E| 0). Let r, >0 be defined by r, < ¢/4N (thus ro <é&f4) so that
2Nr, < /2. Then for r < r, we have, using the notation x* = (x + ] ])/2

|E,|=b—a— X (b,—a,—20)"

n=1

N
b—a—- X (b,—a,—2n"

n=1

IIA

N
b—a— X (b,—a,)+2Nr<e,

n=1

IIA

which proves the lemma.

LemMa 7. If {¢,(u)} is a sequence of characteristic functions such that
[Ts%n @a(w) is the characteristic function of an absolutely continuous distribution
function for every N, if {A,} is a sequence of positive numbers such that
Y2_ €< oo, and if p(u) =exp X%y A(p(w)—1) is a characteristic function,
then ¢(u) is the characteristic function of an (infinitely divisible) absolutely
continuous distribution function.

Proof. Let {U,;,V,, k,n =1,2, .-} be independent random variables such that
the characteristic function of U, , is ¢, and the distribution of V, is Poisson with
expectation 4,. Then ¢(u) is the characteristic function of

0 Vn
= E E U,,'k N
n=1 k=1
which converges a.s. since it converges in distribution. Let

@

Q,=[%=0] (] [%>0]
forn =1,2,--, and let Q, = 1[Vi > 0]. The events {Q,} are disjoint. Since,
by hypothesis, 22, e™*" < oo, then P(U,l o) = X2, P(Q,) =1. Let
0
S,= X U, and T,=Z-S5,.
k=n+1

The two events [S, <s] and Q, are independent, and so are the two events:
[S,<s] and Q[T,<t]. (N.B. [S, < s] and [T, < t] are not independent, but
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when the latter event is replaced by its intersection with Q,, then independence is
obtained.) Hence
P((S, £ s][T, £ 41|Q) = P(S, < s][T, £ (19Q)/PQ,)
P[S, = s]P([T, £ 1]Q,)/P(Q,)
P(S, < 51| Q) P((T, < 1]| Q).

Hence S, and T, are independent relative to the probability P ( - IQ,,). But
P(S, = s]IQ,,) = P[S, < s] is absolutely continuous by hypothesis for every n,
and hence P([Z < 7] IQ,,) is absolutely continuous since it is the convolution of two
distributions, one of which is absolutely continuous. Since

Plzsz]= % P(Z<2]|0)P@),
n=0

then by Lemma 2 in [10], the distribution function of Z is absolutely continuous.

Proof of Theorem 1. It was remarked in §1 that condition (i) was proved
sufficient for absolute continuity of F in [2] and [10] and that each of the re-
maining conditions is obviously sufficient for absolute continuity of F. We need
only prove here the necessity of at least orne of the conditions. We first prove that if
neither condition (i) nor condition (ii) holds, then F @ x F*®) is absolutely con-
tinuous. If neither (i) nor (ii) is true, then F“? because of Lemma 3 in [10],
is easily seen to be absolutely continuous over ( — o0, x,) U (X, ) and is dis-
continuous at x, = — f*, (1/x)dG,(x). Hence by Lemma 2, F?x F(* cannot
have a discrete component, i.e., it is continuous. If F @« F ¢ were continuous
but not absolutely continuous, then, by Lemma 2, F = F x F(c9 4 F(9 would
not be absolutely continuous, which is a contradiction, thus proving F@ x F(9
absolutely continuous. Let us assume now that none of (i), (ii), (iii), (iv) are true
and prove that (v) is true. Since we have assumed that F® is not absolutely con-
tinuous, then by a theorem due to Hartman and Wintner [S], and referred to in
§1, F¥ is discrete or continuous singular. We now prove that F must be con-
tinuous singular. If it were not and were therefore discrete, then F % F** will have
a singular or discrete component, depending on which of these F*” has (because
we have assumed (iv) is not true), because of Lemma 2. But we have just proved
that if at least both (i) and (ii) are not true, then F'¥ + F*) js absolutely continuous.
Thus F@ is continuous singular. We now prove that F ) is continuous. If not,
then it has a discrete component, from which we obtain that F s F“) has a
discrete component by Lemma 2. Since F® is continuous singular, then, by
Lemma 2, F = F@ % F© « F( has a continuous singular component, contra-
dicting the hypothesis that F is absolutely continuous. Hence F® is continuous
singular, F©® is continuous but not absolutely continuous and F¥ % F(* is
absolutely continuous, which concludes the proof of Theorem 1.
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In order to show that this is a best enumerative theorem, we must show that
it is possible for each of conditions (i)—(v) to hold. In order to show that con-
dition (i) is possible, let G,. be defined by

0 ifx<0,
Gac(x)={x f0<x<l1,
1 ifx=1,
and let G = G,.. Condition (ii) is obviously possible. An example of condition (iii)
holding is given in [5] and in [10]. The principal problem of this paper is to show
that conditions (iv) and (v) are nonvacuous, and the remainder of this paper is
devoted toward this objective.

3. The infinitely divisible distribution model of Herman Rubin. In this section
a certain class of infinitely divisible distribution functions due to Herman Rubin,
and considered by him in [9], is developed. Slight changes in his model are made
here for purposes required in §4. Theorems 2 and 3 and the corollary to Theorem 3
are due to Rubin and may be found as Lemmas 1 and 2 and Corollary 1 in [9].
The proof given here of Theorem 2 is essentially that of Rubin, while the proof
given here of Theorem 3 is somewhat different.

Let { U, %i,i,j,k =1,2,---} be independent random variables, where for
every i and j, P[U;; =0] = P[U;; = 1] = 1/2, and the distribution of Y, is Poisson
with expectation 4, > 0. We assume that

(3.1) Y A, = oo.

Let ¢,>0 be such that X2 ,¢, < co. Let {b,} be an increasing sequence of
positive integers, {c,} a nondecreasing sequence of positive integers, and {c,}
a sequence of positive real numbers, all of which are constructed as follows.
(We do not use most of these requirements until §4.)

The nondecreasing sequence of positive integers {c,} is selected only in order that

(3.2)

i M

PY,>c,]<1.
1

The increasing sequence of positive integers {b,} is selected to satisfy several
requirements. The first one is that

(3.3) X2 tm<t,

Now let us denote
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The second requirement on {b,} is that it increases fast enough so that
(3.4) ra<&2™tn  n=1,2,-.
(Note that this can be done since r, depends on b, {, b, 12, .).
We assume that {c,} decreases fast enough so that
0
(3.5) Y 6,c,< ©.

Now (3.5) permits the following notation:

o0
’
Ty =T, + x Ou+jCntje
i=1

Let E denote a set constructed as illustrated after the statement of Lemma 3.
Keeping E fixed we denote

E, = EN[0,0,],
Epn= E,®{kj2",05k<2"},
E(n)=E,,® - ®FE,,.
Note that E(n) is a closed, bounded set, and by Lemma 4, | E(n)| =0. Denote
E(n),,={x |x — y| <, for some yeE(n)}.

We require that {b,} increase fast enough and {o,} decrease fast enough so that
{r:} decreases to zero at a fast enough rate in order that, by Lemma 6,

(3.6) |E(n),;| <eg, n=12....
Let us denote
bn+1 Y.,
Xin = E Uik/zk, Z, = Z Xin,
k=b,+1 i=1

o
Z=2Xx Z,, K,*:min{Y,,,c,,},
n=1

Yn ©
Z¥= XY X;,, and Z* = X Z*.
i=1 =

n=1
REMARK 1. For every i and n, X, is uniformly distributed over
{kj2P+1, 0 S k < 2bn+17tn 1},
and X%_, X, is uniformly distributed over the interval [0,27%] and is therefore

absolutely continuous.
Proof of this remark is an easy computation.
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REMARK 2. The series Z = L.°.., Z, converges a.s.

Proof. Since [Y,*=Y,] c[Z*=Z,], then [Z}# Z,] = [V} # Y,], and we have
by (3.2) |

e 0 0
Y P[Zr#Z]< X P[Yy#Y] =X P[Y,>¢]<L
n=1 n=1 n=1
By the Borel-Cantelli lemma we need only prove that 22, Z¥ converges a.s. Since
0< X,, <2™™and0< Z* < ¢,27" as., we obtain that X2, Z* is monotone
nondecreasing, uniformly bounded above (by (3.3)) by 1, which proves the
assertion.

REMARK 3. The distribution function of Z is infinitely divisible, it is con-
tinuous, and its G-function is discrete.
Proof. The characteristic function of Z is easily computed to be

© 2bn+1—bn—y
exp T (B27P) T (M -,
n=1 k=0

which is obviously infinitely divisible. The M-function (and therefore the G-
function) is discrete, since, between 27°** and 27", M takes jumps of size
A2+ 17" at each of the points {k2 "%+ 0 < k < 2%*:7"_ 1} and is constant
between consecutive jumps. Hence the sum of all these jumps is X2, 4, = o, and
thus by the theorem of Hartman and Wintner and by Blum and Rosenblatt
mentioned in §1, the distribution function of Z is continuous.

THEOREM 2. If Z,f’=1 e *n < 0, then the distribution function of Z is absolutely
continuous.

Proof. If we denote the characteristic function of X, by f,(u) then the charac-
teristic function of Z is exp X, ; 4,(f.(u) — 1). Referring to Remark 1, this theorem
is just a particular case of Lemma 7.

THEOREM 3. If X°- e *» = oo, then the distribution function of Z is con-
tinuous singular.

Proof. Since the G-function of Z is discrete, its distribution function, F,
is pure; this follows from a theorem due to Hartman and Wintner [5] mentioned in
§1. Hence, all that is needed is proof that F, is continuous but not absolutely
continuous. By Remark 3 we know that F, is continuous. All that remains is to
prove F is not absolutely continuous. By Lemma 5, we need only prove that the
distribution function of Z* is singular. For this we need only show that for every
n > 0 there is a random variable Z, and a measurable set of real numbers L, such
that Z, =Z* as., |L,| <n and P[Z,eL,] = P[Z*eL,] =1. For every positive
integer v we denote
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8
<
]

O
L e,
n=y

Dm =(nr—j [Y:>0])[Y:=O], n=V,V+1,“‘, (va=[Y: =0])’

&,

D

vn?

>
]
Cs

Z,”, = Z*IAv’

v

and

© 2bn
L, = U kuo [k/2", (k[2°) + 7,].

The hypothesis and the Borel-Cantelli lemma imply that P(A4,) = 1, and therefore
Z* =Z, as. for every v. For every fixed v, {D,,,n =v,v + 1,---} are disjoint, and

z, = % I, .
Now =
Z*p, ={Z1+ -+ Z )+ (2N + )} Ip, .
But by (3.3),
P[(Z} + - + Zy DIpue{k2 0 k2" - 1}] =1,
and by the definition of r, we have

P[(Z3sy + - )p,,€[0,r,]] = 1.

Let S, = | 325 '[k/2% (k/2*) + r,]. Then by (3.4), | S,| < r,2><e,. Since or
each fixed v the D,,’s are disjoint then it follows that

[Zﬂve OS'!:I = ﬁ[Z*IDv"eSn]’
n=v n=vy

or P[Z, eL,]=1.But

[+ o0
<X IS,,|< z g,
n=vy n=vy

L)
Us.

which becomes as small as we choose by taking v sufficiently large, thus
concluding the proof of the theorem.

COROLLARY TO THEOREM 3. There exists an infinitely divisible distribution
function F produced by a discrete G-function such that F is continuous singular
and F » F is absolutely continuous.
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Proof. Take A, =log(n+1). Then 4, > 0, all n, °_; 4, = o0 and L2, e *" = 0.
Hence by Theorem 3, taking F as the distribution function of Z, F is continuous
singular. By Remark 3 the characteristic function of F = F is

© obn+1=by_y
exp X (24,/2+t70y X (ei“"’zb"“ - 1),
n=1 k=0
which is the characteristic function of X2, X/=, X,,, where X,, is as before,
U, has a Poisson distribution with expectation 24,, and {X,,, U, k,n =1,2,--:}
are independent. Since X, e ?*" < oo, then by Theorem 2 we obtain that
F x F is absolutely continuous.

4. Nonvacuousness of conditions (iv) and (v). In this section we show that
conditions (iv) and (v) of Theorem 1 can hold.

We let U,,, Y, Xiny Z,y Yis Z2, Z* and Z remain as they were defined in §3, and
we keep the same assumptions on {b,}, {c,} and {c,,}. We consider in addition the
random variables {Uj,, Y, Wy, i,k,m =1,2,---} such that the distributions of
U;, and Y, are the same as those of U,, and Y, respectively, such that the distribu-
tion function of W,, is H( - ] 0,), i =1,2,--- (which was defined in Lemma 4(iii)),
and such that the set of random variables {U,,,, Ujps Wims Yoo Yo i, m =1,2,---} are
all independent. The following notation is used:

bn+1 Yn
’ r i~k ’ ’
Xin = E Uik/2 > zZ, = E Xins
k=b,+1 i=1
o0
* .
zZ =X Z, Y,” =min{Y,,c,},
n=1
* Y"‘ S *
zZ' = X X, z2* =%z,
i=1 n=1

) Yn 00 Yn
w =X X W,, W =Y Y W,.
n=1 i=1 a=1 i=1
Assumption (3.5) implies that W’* converges a.s., and hence by the definition of
{c,} and by the Borel-Cantelli lemma, W’ converges a.s.

THEOREM 4. The distribution function F, of the random variable W' + Z' is
infinitely divisible and has these properties: (i) F, is continuous but not absolutely
continuous, and (ii) F, is produced by a continuous singular G-function.

Proof. We first prove infinite divisibility and (ii). By Lemma 1, the distribution
fux}qtion H, of X;, + W, is continuous singular, the characteristic function of
Zn:l(X;n + VViu) iS
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exp An f (" — 1)dH,(x) =exp 4, f (€™ — 1) d(H,(x) — 1),
- =00

and the characteristic function of W' + Z' is

exp f ’ (e"* —1) dH(x),

where H(x) = X2, 4,(H,(x) — 1) for x >0 and H(x) =0 for x <0. Thus F, is
infinitely divisible and the M-function, H(x), which produces it is continuous
singular, thus verifying (ii). In order to prove (i) we first prove that the distribution
of W'* + Z'* is singular. We observe that

0 X, <27 as,

0L X,,+W,227" 40, as,

and

Yo
Y X+ W) ™" +0)as.
=0

o
IIA

i

By the definition of 7, we have
© Y;.‘
P [ x X (X},,+Wj,,)e[0,r,:,]]=1.
n=N+1 j=1

Let A, and D,, be as in the proof of Theorem 3 but defined in terms of ¥," instead
of Y,* Then by the definition of E(n),, given in §3,

PL(W'* + Z'9)I,,, € E(n),,] = 1.
Since for fixed v, {D,,} are disjoint, we have
P [(W’* +z%,,e | E(n),;‘] =1

for every v. By (3.6),

L:j E(n)r,’,

©
< Z €ns
n=vy

which can be made a small as we please by taking v sufficiently large. Thus
W'* + Z'* has a singular distribution. By Lemma 5, the distribution function
of Z' + W' is not absolutely continuous. Continuity of the distribution function of
Z' + W' follows from the fact that X_, 4, = o0, which concludes the proof of the
theorem.
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THEOREM 5. Let {1,} satisfy (3.1) and be such that

e =00 and Ye " < oo,
T hen the distribution function of Z + Z' + W’ is absolutely continuous.

Proof. Even though the distribution of Z + Z’ is easily proved to be absolutely
continuous by the corollary to Theorem 3, W' is not independent of Z + Z’, at least
not apparently so, since both are defined in terms of {Y, }; hence the conclusion of
the theorem cannot be drawn so easily. Let f, and g, be the characteristic functions
of X,, and W,, respectively. Then the characteristic function of Z + Z’ + W' is

v = exp | £ 20,0 -0 e | £ 20,080 -1)

—exp Y 2/1,,(f,,(u)(ii§'@)—— 1 )
n=1
In order to apply Lemma 7 we need only verify that

aa) = T] Sy 150

is the characteristic function of an absolutely continuous distribution function for
every N. Now (1 + g,(u))/2 does happen to be the characteristic function of the
distribution function

if x <0,
F,(x) ={
(1 + H(x| a,))/2 if x=0.

Let W;, be a random variable with distribution function F,(x). We construct
{W{,} so that the random variables {X;,, W,,} are independent. Thus ¢y(u) is the
characteristic function of

2 (Xln + W.l,n)3
n=N

which is unconditionally convergent (in Loéve’s terminology in [7, p. 538]) and
therefore converges to the same limit random variable under all reorderings and
partitioned summations (ibid., p. 539). Hence

® ® 14 g.(u
ant = (11 ) (T 252).
n=N n=N 2

But by Remark 1, []7-yf,(u) is the characteristic function of an absolutely
continuous distribution function, and hence so is ¢y(u). The conclusion of the
theorem follows from Lemma 7.

Theorem S proves that condition (v) in Theorem 1 is nonvacuous. This follows
from the fact that Z and Z’ + W' are independent.
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It is now easy to establish that condition (iv) of Theorem 1 is also possible. To
do this, let {4,} satisfy 2,2, e "**< co. We need to show that under this hypoth-
esis, Z’ + W’ is absolutely continuous. In this case the characteristic function of
Z'+ W' is exp{ 22, A(f(u)g,(u) — 1)}. As in the proof of Theorem S5, for
every N

nloi[N”(f..(u) ) = ( 10 ) (1 8w).

each of the infinite products on the right is a characteristic function, and the first is
(by Remark 1) the characteristic function of an absolutely continuous distribution
function for every N. By Lemma 7, the distribution of Z’'+ W' is absolutely
continuous.
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